We show that the introduction of a more general closed-shell operator allows one to extend Laughlin's wave function to account for the richer hierarchies (1/3, 2/5, 3/7 . . . ; 1/5, 2/9, 3/13, . . . , etc.) found experimentally. The construction identifies the special hierarchy states with condensates of correlated electron clusters. This clustering implies a single-particle algebra within the first Landau level (LL) identical to that of multiply filled LLs in the integer quantum Hall effect. The end result is a simple generalized wave function that reproduces the results of both Laughlin and Jain, without reference to higher LLs or projection.
In particular, one effort that is remarkable for its numerical success is that of Jain and his collaborators [8] , who introduced excitations into successively higher LLs that were later eliminated by numerical projection. Yet the need for such excitations is somewhat puzzling: they play no role in the final answer, nor is there a natural argument associating the large magnetic gaps of the IQHE with the small Coulomb splittings within the first LL.
In this letter we construct a physically appealing generalization of Laughlin's ansatz that we believe greatly helps in reconciling the work of Laughlin, Jain, and others. The construction is entirely in the first LL and extends Laughlin's wave function in a remarkably simple way: a closed ℓ-shell in his treatment is replaced by a closed ℓs-shell, where 2s+1 counts the number of electrons involved in the underlying clusters (or composites). When such wave functions are recast in their corresponding (ls)j form, a shell structure analogous to filled LLs in the IQHE emerges, but with shell gaps determined by a pairing energy associated with the Coulomb force, and not by the magnetic energy. The net result is a simple generalization of Laughlin's wave function that also reproduces the results of Jain without reference to higher LLs or projection.
We follow Haldane [6] in confining the electrons to the surface of a sphere, where they move under the influence of a perpendicular magnetic field generated by a monopole at the sphere's center. The Dirac monopole quantization condition requires φ = 2Sφ 0 where φ 0 = hc/e is the elementary unit of magnetic flux, with 2S an integer. The single-particle wave functions are Wigner D-functions
where L is the Landau level index, L = S, S + 1, .... Thus there are 2S + 1 degenerate single-particle wave functions in the first LL, 2S + 3 in the second, etc. The wave functions for the first LL can be written as a monomial of power 2S in the elementary spinors u q
where
(identical to the u and v of Haldane [6] ). The Laughlin wave function [5, 6] for N electrons corresponds to m powers of the closed shell, m odd,
where the factoring of this expression into a closed-shell operator acting on a symmetric wave function will prove useful later. Here If we start with 6 charges and 11 lattice sites, the obvious minimum energy configuration has the charges spaced uniformly, on sites 1,3, ...,11. In this configuration no two charges appear on neighboring sites, a condition analogous to the two-body Laughlin restriction on 
This operator can be applied in such a way that it reduces the magnetic flux by one unit, provided N is even
The derivatives produce a condensate of particle pairs that -by necessity due to the reduced magnetic flux -are unfavorably correlated spatially: 
where the antisymmetrization operator A has been introduced to make the corresponding generation for pairs obvious. An operator that produces and separates two-particle clusters is thus
where N c =2 and
, acting on a four-particle m-scheme configuration, increases 2S by one unit, lowers the magnetic quantum numbers of the particles in cluster I, and raises those in electrons. Like Eq. (4a), it has total angular momentum zero. This ℓs operator, written as a Slater determinant, was first introduced in Ref. [10] from arguments based on symmetry.
In deriving Eq. (7c) we have shown it is the mathematical manifestation of the underlying clustering.
As the derivatives decrease the number of flux quanta, the corresponding generalization of Eq. (5a) is
where m is an odd integer and N c can take on any integral value that divides evenly into Eq. (4b) can be easily evaluated using Table 1 gives the overlaps with exact wave functions obtained by numerical diagonalization [12] . We include results through N = 10 and 2S = 24, excluding trivial cases (N ≤ 3 or The origin of shell gaps within the first LL is easy to see. As the general case is similar, we illustrate the physics for N c =2. The operator of Eq. (7c) is then a product of two closed (ℓs = 1/2)j shells, the lower one consisting of single-particle operators [u it is the energy of the broken pair that generates the shell gap [11] .
In summary, we have shown than a particularly simple generalization of Laughlin's wave function -replacement of a filled ℓ shell by a filled ℓs shell -is a natural consequence of the clustering of electrons when a Laughlin state is compressed. This clustering implies an (ℓs)j algebra within the first LL level, analogous to multiply filled LLs in the IQHE, but with shell energies indexed by the number of broken u(i) · u(j) pairs. We have thus reproduced the results of both Laughlin and Jain in a simple first-LL wave function, while providing an appealing physical argument in support of Jain's construction.
The clustering also offers an interesting perspective on the spectroscopy of excited states in the FQHE. For example, Rezayi and Read [13] accounted for the first excited band of a series of "half-filled" systems as quasiparticle-hole valence excitations of a postulated shell
Hamiltonian H= L 2 . We recognize this as the special case of the (ℓs)j algebra where ℓ = s, so that j = L=0,1,2,... and N=1,9,16,... All other m = 3 hierarchy states can be arranged in similar series converging to the half-filled shell, corresponding to increasing ℓ with ℓ − s held fixed, and the arguments of Ref. [13] can be applied to each [11] . Thus the shell structure and shell gaps associated with electron clustering provide the starting point for exploring FQHE spectroscopy quite generally.
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